Forces, triangles and angles, vectors till you bleed

Andrew Torda, April 2009
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The problem ..

angle( 19 ]9

The energy 1s U rk,) lzc(cos 0, —cos 90)2

And the derivative is

= o al]angle( )
angle; 87’;
Ending up as
r,o T 1
= —k(cos 0, —cost {— ——-cos0; J
g Ty g

How do we get this ?
. Remember quotient rule
. Expand the cos 6 term

. Get derivative of top and bottom

First, some fundamentals we will need later.
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V..
. —Z how does the distance between two atoms change as one atom

—

or

1

: o— %

l

or

moves ? Will depend on the vector 7, so

Grij r.

= 2 ()

or, ry

See the formal explanation on page 5.

. remember 7, —F =7 (2)

think of the triangle.

. the "quotient rule" du = Ldu _udv (3)
dcxv vdx v,dx

: dcost : : : L
. Difficult term —— (note subscript - we are working with particle 7).
I"l.
l
O—O
0
2 2 2
V.. +r. —v.
. cosine rule, cosf=-0 _"H ik k

21;.1. h
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2 2 2
setu=r, +n; —r

1

% _ o7, - 27,
Then O from (2)
= 2’3{]

Set v=2rn,

21,1,
And 6\: S using chain rule and (1)
o1

ocost) ldu wulov

or, vdx vvox
dcosb 1. 1 2rr;
= 27, —cosf
or. 2rr, Y 2r.r, F
17 1
= ——~——-cosl
Tj g Ty Ty
V. T. 1
&
=| -+ —-"cosf |—
Tg Ty i

- from quotient rule (3).
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Final form

Lo k
Uangle(riﬂrjark):§<cosgijk —COSQO)2
I _ o a(]angle (]/; )
angle;, ~— -
o,
ocost
= k(cos 0., —cos 00)
ij ~
4
V. F. 1
k
= —k(cos Q.. —cos, | —~—-"LcosO,, |—
Y i
g 1y Vi

Are we finished ?

. E.;t—Fj

. similar maths for either F, or F,
. we do not have to do all three F, +F,+F, =0

What happens if this is not true ?
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Variations

Vectors vs scalars - do we always need vectors ?

If we want forces - yes. Do we always need forces ? No.

Example - For two atoms with a Lennard-Jones interaction

. what is the distance of lowest energy ?

. how close can they approach if the energy has some numbers (k7) ?

What changes ?

. Vectors - work with ou
oF;
: : ... dU
. Scalar properties - work with something like 2
V..

g

. Can it become more complicated ? not here

Partial derivative of a scalar with respect to a vector

How to remember how this works.
9, r; iz

or, r

if we write 7. explicitly as the vector | y, |. The top of the formula 1s a

scalar distance between i and j which can be expanded as

A R ) S A O

To write this out in great detail, you could say,
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o1

_%_

, @)
or; _ dry
or; dy;

dry

| dz; |

dr,
so, one component of the vector, d—” you would say
X.

d@:ﬂ@—%Y+@—ny+@—%Y%

dx. dx.

1 l

- %((xl. —x].)z +(y,- _J’j)2 +(Zi _Zj)z)_%z(xi _xf)
_ (5 -x))

g

If we were do the same for the y component, you would get

dr; (yi-»)) o
P and the same for the z component. Putting this into (4), we
Vi Vi
_dl”ij | (xi —X J )
dx; Tij
haveai: ar, = (yi_yf) i
7 dy, T Vi
drij (Zi —Zz j)
L dZi _ I/Z'J'
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